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SUI1MARY 
The reasons for the existence of bending stresses 
due to torsion ere briefly discussed, and the theoretical 
formulas applying to rectangular boxes with finite bulk-
he ad spacing are given. Tests are then described which 
were made to verify the theory, strains being measured 
on a rectangular torsion box with bulkhead spacing s of 
1/4, 1/2, 1, and 3 times the chord of the box. In the 
normal design range, the agreement between calculation 
and test was quite satisfactory; however, attention is 
called to the fact that it is difficult to predict ac-
cur a tely the distribution of the shear stresses in the 
vicinity of concentrated torque loads. 
INTLl.ODUCTION 
When a shell structure is subjected to torsion, the 
cross sections have, in general, a tendency to warp out 
of their ori g inal planes. If this warping is forcibly 
prevented, normal or bendi ng stresses are set up; in wing 
structures utilizing a rect a n gu lar box as the main 
strength element, these stresses may amount to more than 
10 percent of the stresses cau sed by bendjng loads and 
consequently they cannot be neglected in design. The ac-
companying shift of shear stress from the wing covers to 
the shear webs may perhaps be even more important for de-
sign. 
The first theory of bending stresse s due to torsion 
in shells Was given by Reissner (reference 1) for a box 
of rectangular cross section with ver y closely spaced 
bulkheads. In practice, the bulkhead spacing is fre-
quently a bout equal to the chord of the box or larger; it 
was necessary, therefore, to develop a theory free from 
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the assumption of very closely spaced bulkheads, and this 
task was undertaken by Ebner (reference 2). 
The theory of shell structures is relatively new, 
and the small margin of safety used in aircraft stress 
analysis makes it mandatory to verify all new theories by 
means of experiments. A preliminary attempt to verify 
the theory of bending stresses due to tor8ion (reference 
3) was rather inconclusi,e; the agreement varied from 
very good to very poor. A study of the results indicated 
two possible reasons for the failure to achieve agreement: 
either some of the simplifying assumptions made in the de-
velo p ment of the theory did not rep~esent the physi cal 
facts closely enou gh , Or some constructional features of 
the test beams did not give a sufficiently close approach 
to the theoretical conditions of continuity in the struc-
ture. In order to clear up the question, a new series of 
tests was undertaken and the results are g iven in thi~ 
paper. The necessary theoretical formulas are also given 
in order t o make the paper self-contained. 
THEORETIOAL FOR~roLAS 
If a box beam a s shown in figure 1 is subjected to 
equal and opposite tor ques T at the two ends, the walls 
of the box will be stressed in pure shear, and the magni-
tude of the shear stresses will be given by the formul~ 
T 
where Ao is the enclosed area bc of the box and t 
is the thickness · of the wall under consideration. As . the 
torque is being applied to the box, plane cross sections 
will not remajn plane but will warp out of their original 
planes, as indicated in figure 1, except in special cases. 
If this warping is prevented by fastenin g the box to a 
ri gid support as indicated in figure 2(a), longitudinal 
stresses will arise~ which are termed 'Ibending" stresses 
due to totsion, and the shear stresses will be changed 
from the values given by formula (1). In practical de-
sign, the equivalent of a rigid support is obtained by 
symmetrical loading of a symmetrical structure as indi-
cated in figure 2(b). 
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The stresses caused by preventing the warping have 
been treated by a number of author s under the assumption 
that the spacing of the bulkheads is infinitely close. A 
method of calculation for th~ general ca s e of finite spac-
ing was given by Ebner in reference 2 . Ebn9r assumes 
that the box is divided into cells by splitting the bulk-
he a ds. Each cell ip subjected to a torque T and to a 
group of forces X (fi g . 3) on each end . The groups of 
forces represent the restraining actions exerted by the 
adjoining cells on the warping of the cell under consider-
ation. The magnitude of the unknown forces X is calcu-
l a ted by the theory of staticall y indeterminate struc-
tures . 
The effects of the constraining forces are localized 
in the ~egion of the root. For most practical purposes 
it is sufficient, there~ore, to c Rl cul ate t~ese effects 
for the root bay under the assumpt ion that the cross sec-
tion of the box i s constant along the span and eq ua l to 
the cross section of the root bay. The span,ise distri-
bution of the tor qu e is also relatively unimportant; it 
is therefore perm issible to us e the formulas for a torque 
applied at the tip of the box. 
Under the assumptions ~iscussed, the maen itude of 
the con st rai n ing ~orcea at the root section is g iven ac-
cording to reference 2 by 
= ± a T 
r----.-----/ I () be j 3;:> 1,1 + 4 ) 
where ~ and p are aux ili ary pa r ame ters defined by 
b c 
" 
= 
to tc 
b 
+ c 
tb tc 
2. 6 7 aa G -
P = :m (~ + {-;) AT 
.t 1l 
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In formula (4), ~T is the total area of the corne r 
flange, which consists of the corner flange AF proper, 
i f pre sen t, and 0 f the 11 e qui val en t II are a s for the sid e 
\'1alls. As far as resistance to 'bending is concerned, a 
'beam of rectangular cross section with a thickness t 
and a iepth h can 'be replaced 'by two concantrated 
flanges having areas of ht/6 each and located a dis-
tance h apart. The walls 'b can, therefore, 'be re-
placed 'by equivalent areas 'bt'b/6 located at the four 
corners, and t~e walls 0 can 'be replaced by eq~ivalent 
areas ct c /6 at the four corners. The total area of the 
equivalent corner flange is therefore 
The normal stress in the corner flange~ is o'btaihed 
'by the formula 
C1 = 
Provided the 'box is at least twice as long as it is wide , 
the values of X at the first; second, etc . 'bulkhead 
from the reot are given with sufficient accuracy. 'by the 
formulas 
where 
Xl = Xoe 
X;a = Xoe 
' -~ ¢ = cosh 
") 
-¢ i 
I 
I 
'-( 
-~¢ I 
I 
J 
I 
I + p I 
pi 
I - 2"1 
( 7 ) 
(8 ) 
The sign of the stresses C1 is determined most oon-
veniently 'by the following rule: The stresses C1 are of 
the same sign as the 'bending stresses that would occur if 
the walls with the smaller aspect ratio ('b/t'b or e/te) 
a'bsor'bed the to~que 'by 'bending action alone. In the case 
of a wing, this condition means normally that the stresses 
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are of the same sign as the stresses which would occur if 
the shear webs acted as two independent sFars in resisting 
the torque. Within each bay, the spanwise variation of a 
is linear. 
Between bulkheads 0 and I, the shear stress . T ob-
tained by formula (1) is changed in wall b by an incre-
ment 
and in wall c by an increment 
6.T = + c 
1 
2atc 
(9a) 
(9b) 
the signs being valid for .the usual case in which the 
ratio c/tc is smaller than the ratio b/tb o In first 
approximation, it may be assumed that the increments 6T 
aTe distributed uniformly over their respective walls. 
In s~cond approximation, the portions 
'\ 
6. Tb G:~) I 
and ! (10) 
'; .. 
6Tc 
( ctc\ 
\--' j bAT! 
j 
may be assuoed to follow the familiar parabolic law of 
distribution of shear stresses. 
The formulas for 6T in any bay other than the root 
bay are similar to formulas (9a) a nd (9b); it is necessary 
only to substitute tne values of X for the two ends of 
the bay . For example, between bulkhe a ds I and 2 the in-
crements of she a r stress 6Tb a~d 6Tc would be given 
by equations (9a) and (9b) with Xl a nd X2 substituted 
for X 0 an d Xl' res p e c t i vel y 0 
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TEST OBJECT AND TEST PROCEDURE 
The tests were made on a rectangular box of 24S-T 
aluminum alloy. The cross section of the box is show~ in 
figure 4. A general view of the box and of the lOadiag 
apparatus is shown in figure 5. The theoretical condi-
tion of a "built-in end" was obtained at the center of 
the box by virtue of symmetry of structure and of loading. 
The arrangement of the bulkheads is shown in figure 
6. For the first two Cases the bulkhead spacing Was not 
constant along the entire span; it was constant, however, 
over the distance within which the bending stresses due 
to torsion were of appreciable magnitude, as will be seen 
by inspection of the test results discussed later. Bulk-
heads no longer re quired after anyone test were rendered 
inoperative by sawing them in two from the outside and 
drilling out the rivets connecting the bulkheads to the 
skin. " 
In order to reduce the buckling of the cover sheet, 
the large panels at the ends of the box were stiffened by 
transverse angles attached externally with Parker Kalon 
screws for the first two tests. For the last two tests, 
these angles were removed and two longitudinal angles 
were attached (fig. 5); since these angles were on the 
center lines of the sheets, they did not affect the 
stresses. 
The strain readings were taken with Tuckerman optical 
strain gages of 2-inch gage length. The total gage error 
was estimated to average about 50 pounds per square inch, 
taking into account error of reading and temperature error. 
The error in applied load was estimated to be less tha~ 
one-half of 1 percent. Readings were taken at 0, 50, 100, 
and 0 percent of the applied load, and repeat runs were 
made whenever the"final zero reading differed from the 
initial zero reading by 100 pounds per square inch or more. 
TEST RESULTS 
Normal stresses.- A chordwise plot of longitudinal 
strains measured in the first test (bulkhead spacing, 
7 in.) is shown in figure 7. It will be seen that the 
strains follow a pronounced curve instead of the straight-
• I 
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11ne law which forms the basis of the engineering theory 
of bending. T~e straiu3 shown in ~igure 7 were measured 
at the two stations 3~~ inches from the root. At stations 
farther away from the root, the shape of the curves is 
similar but, due to the lcwer intensities of the stresses, 
the curves beco~e more irregular. 
By integr~~ion of several curves such as shown in 
figure 7, it was found that the equivalent flange area 
may be as low as btb/S instead of the theoretical 
btb/6, which is valid for straight-line distribution of 
t~e stresses. The difference between these two values is 
25 percent. The maximum bending stress due to torsicn, 
however. is approximately prono~tiona1 ' to the square root 
of the area A~; the ~hange from btb/6 to btb/S 
would, therefore, cause only about a l2-per~ent change in 
the stress a. This percentage of change is further re-
duced by the fact that the equivalent area for the wall h 
constitutes only a part of the total area AT' The devia-
tion from the strai gh t-line law may become relatively 
more imp ortant, however, when the cover has stiffeners at -
tached to it; because the stiffeners may furnish the lar~ ­
est contributions to the area AT> The question is a 
part of the general problem of she a r-lag out has received 
only passing attention by various authors in the past . 
T~e longjtudinal stresses at the four corners of the 
box were measured by placing Tuc~erman gages On the cover 
sheet iirectly beside the flat durRI strips. The loca-
tion of the gag es thus deter~ined was 13.75 inches from 
the center lin~ of the sh eet, and the corners of the box 
were 14.08 in ch es from the center line; the gage readings 
were therefore multiplied by 14.08/13.75 for comparison 
with the calculate d fl aLge stresses. A typical set-up of 
strain gages is showli in figure 5. 
The experimental stresses a are shown in figures 8 
to 11 together with the calculaGed stresse~> The agree-
ment is satisfactory in general. In the immediate vicin-
ity of the root, the experimental stresses are somewhat 
higher than the ca l culated stresses; the absolute magni -
tude of this discrepancy is roughly th e seme for all tests 
and consequently the percent age of e~ror is quite large 
for the last test because the Gtresses are small. 
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The shear stl"e8SeS at the two stations 33/4 inches 
from the root are s~own in figure 12. These stresses 
were computed from strain rosette measurements taken at 
angles of 0 0 , 45°, and 90 0 with t~e axis of the box. O~ 
practical interest is the high shear stress in the shear 
webs c. The excess of the experimental shear stresg 
over the computed Rhear stress in the webs is presumably 
caused by introduc"ng the torque by means of forcee acting 
on the two web s; the bulkhead. is not qui t e equal tot he 
task of distributing the torque immediately to the four 
sides of the box, sa that the webs have more than their 
share of the lead while the cover sheets have less thau 
their s~are. The quantitative agreement between the ex-
cess stress in the web and the corresponding deficiency 
in the cover sheets on a percentage basis is very poor; 
it is possible that the strain measurements in the web 
~ere falsified by ~uckling due to the vicinity of the 
torq~e reactions. 
The shear strSHses at the two stations located 24.5 
inches from the root are shown in figure 13 Q At this 
distance from the root, the effect of the constraining 
forces is quite small (fig. 8); as a result, the shear 
stresses are nearly equal to the basic value To given 
by equation (l)~ The figure indica~es one peculiarity 
that is not explaiaed by the theory: The stresses in the 
cover sheet increase as the corners are approached and 
reach the sa~e values as the shear stresses in the webs. 
A similar, although less pronounced, increase of shear 
stress near the corners was observed in a larger box with 
stiffened cover tested for a different purpose. 
Measurements were also made of the shear stress in 
the two end bulkheads with a bulkhead spacing of 7 inches. 
The experimen t al stresses were about 70 percent of the 
calculated stresses, indicating either that the torque 
was not fully distributed by the end bulkhead or t~at 
part of the torque was transmitted by the anglAs arou~d 
the bulkhead acting as bents, or both. 
OOUOLUSIONS 
If a rectangular torsjon box with bulkheads spaced 
at finite distances has a built-in root section, the nor-
mal stresses and the shear stresses caused by the con-
straint at the root can be calculated by Ebner's formulas 
with an accuracy sufficient for most practical purposes. 
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The tr:eory t end.s to be slight::..y on the 'mconservative 
side, partic~l~rly in the immedi a~e vicinity of the root. 
Part of t~e discre~ancy Can be tr~ced to a nonline~r dis-
tribution of the bendin g stress2s; this ;actor maT requ~re . 
attention when the cove= consists of stiffeners and thin 
1 • SK~n. 
S?9 cial a]low~nces must be made on tr:e shear stresses 
at stations whe re concentrated torques are introduced, be-
cause it will not be possible in many cases to predict 
very closely the efficiency of the bu1~head in distribut-
in g the load a round the periphery of the box. 
Lan gl e y Mem orial AA ronau tic al Laboratory, 
National Advl~ory Jorrmittee for ~eronautics, 
Lan g ley Field, Va. 
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